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POISSON COLOR ALGEBRAS OF ARBITRARY DEGREE 


AJ. CALDERON, D.M. CHEIKH 


ABSTRACT. A Poisson algebra is a Lie algebra endowed with a commutative associative product in such a way that 
the Lie and associative products are compatible via a Leibniz rule. If we part from a Lie color algebra, instead of a 
Lie algebra, a graded-commutative associative product and a graded-version Leibniz rule we get a so-called Poisson 
color algebra (of degree zero). This concept can be extended to any degree so as to obtain the class of Poisson color 
algebras of arbitrary degree. This class turns out to be a wide class of algebras containing the ones of Lie color 
algebras (and so Lie superalgebras and Lie algebras), Poisson algebras, graded Poisson algebras, z-Poisson algebras, 
Gerstenhaber algebras and Schouten algebras among others classes of algebras. The present paper is devoted to the 
study of the structure of Poisson color algebras of arbitrary degree, with restrictions neither on the dimension nor the 
base field. 

Key words: Poisson algebra. Lie color algebra, Gerstenhaber algebra, Schouten algebra, graded algebra, 
structure theory, simple component. 


1. Introduction 


On the one hand, we recall that Batalin-Vilkovisky (BV) formalism was introduced in physics as a way of 
dealing with gauge theories, being of special interest in the study of path integrals in quantum field theory. It 
can also be seen as a procedure for the quantization of physical systems with symmetries in the Lagrangian 
formalism (see bushed. BV formalism is just an example of application of graded Poisson algebras of 
integer degree. As another example, we note that it is possible to recover Hamiltonian mechanics from the 
coordinate space of the theory by making use of graded Poisson algebras ( f20l ~). We can enumerate many more 
applications (see ll2 HT4lfT5UT8ll23ll ^. but we refer to EH to a good review on this matter. 

Definition 1 . Let V = ® P 2 be a Z-graded vector space endowed with a bilinear product {•, •} such that 


{'Pzi'Pz'} C Vz+z’+zo 

for any z, z' G Z and a fixed zo G Z, and satisfying the identities 

{x,y} = — (—l)(l x l+ z °)(l^l+^°){j/, x}. 


and 

{x, {V , z}} = (Lb y}, z} + (- 1 )(M+ 2 °)(M+*o){ 2A {£, z }} 

for any homogeneous elements x G V\ x \, y G V\ y \ and z G V\ z \. V is called a graded Poisson algebra of degree 
Z{) if it is also endowed with an associative product, denoted by juxtaposition, such that 

V Z1 V Z2 C V Z1+Z2 


for any Z\,Z 2 G Z, and satisfies 

xy = (—1)MM yx 

and 

{x, yz} = {x, y}z + (—l)(l x l+ Zo )Mj/{x, z} 
for any x G V\ x \, y G V\ y \ and z G V\ z \. 


In the case zq = 0 we deal with even Poisson algebras while in the case zo = 1 we are dealing with 
Gerstenhaber algebras. 

On the other hand, we also recall that Lie color algebras were introduced in l23l as a generalization of Lie 
superalgebras and hence of Lie algebras. Since then, this kind of algebras has been an object of constant interest 
in mathematics, (see f2l] 1221l32l[33l[34ll for recent references), being also valuable the important role they play 
in theoretical physics, especially in conformal field theory and supersymmetries (ll4i fT6ll27l[30l ). 
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Definition 2. Let K be an arbitrary field and fix an abelian group (G, +). A skew-symmetric bicharacter of G 
is a map 

e : G x G —» K \ { 0 } 


satisfying 


for any 51,52, ff3 G G. 


= £(52,51) X , 

e(ffi,52 + 93 ) = e(gi,g2)e(gi,g 3 ), 


Definition 3. Let (G, +) be an abelian group, e a skew-symmetric bicharacter of G and 


geG 


a G-graded K-vector space. We shall say that P is a Lie color algebra if it is endowed with a bilinear product 
{•, •} satisfying 

{V g ,V h } C V g+h 


for any g,h G G, and such that 


{£,2/} = ~e(M, |j/|){j/,a:} 


and 

{x, {5,2;}} = {{x,y},z} + e{\x\, \y\){y,{x,z}} 
for any homogeneous elements x G Pi x |, y G P|. y and 2 G P| 2 |. 


Lie superalgebras (and so Lie algebras) are examples of Lie color algebras by considering G = Z2 and 

= (— 1 )^, for any i,j G Z 2 . 

Now we have to note that another class of Poisson-type algebras similar to the one of graded Poisson algebras 
of degree zq in Definition |T|but replacing the group Z by Z 2 has been considered in the literature. This kind of 
algebras are known as even and odd Poisson superalgebras, depending on taking degree 0 or degree 1 , being of 
interest in studying, for instance, two-dimensional supergravity and three-dimensional systems (12 ED 133 EH). 
However, as we know, there is not a category in the literature which allows us to combine a graded bracket of 
degree 50 G G and a graded commutative associative product via a graded Leibniz identity when the group G 
is an arbitrary abelian group. In the present paper we will introduce such a notion by starting from a degree go 
generalization of a Lie color algebra. 


Definition 4. Let (G, +) be an abelian group, e a skew-symmetric bicharacter of G and 


p = ®p s 

geG 


a G-graded K-vector space endowed with a bilinear product {•, •} satisfying 

{ *P0 ■ 'Ph } C Vg+h+go 

for any g,h G G and a fixed 50 G G, and such that 

{x, y} = -e(M + 5 o, \y\ + 5o){y, a;} (Anticonmutativity) 

and 

{x, {y, z}} = {{x, y}, z} + e(\x\ + 50, \y\ + 5o){y, {x, z}} (Jacobi Identity) 
for any homogeneous elements x G V\ x \, y G V\ y \ and z G P| 2 i. It is said that P is a Poisson color algebra of 
degree go, if it is also endowed with an associative product, denoted by yuxtaposition, such that 

VgVh C Vg+h 


for any g,h G G, and satisfies 

xy = e(M, |y|)ya; 

and 

{x,yz} = {x,y}z + e{\x\ +y 0 , \y\)y{x,z} 
for any x G V\ x \, y G V\ y \ and z G V\ z \. 


(Conmutativity) 


(Leibniz Identity) 
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This class of algebras turns out to be a wide one containing those of Lie color algebras (and so Lie superal¬ 
gebras and Lie algebras), Poisson algebras, graded Poisson algebras, z-Poisson algebras, Gerstenhaber algebras 
(Cl [29] [3H), and Schouten algebras (IS |T 2 ] |T9]), among other classes of algebras, being these classes of al¬ 
gebras of increasing interest in mathematical physics, especially in Hamiltonian and Lagrangian dynamics and 
mechanics. Hence Poisson color algebras of degree go allow us to treat all of these classes of algebras from a 
common view point and extend their formalisms to non-necessarily Z-graded or Z 2 -graded contexts. We also 
note that the case of degree 0 has been previously considered in l28l for the case of Banach algebras, in the 
study of a color extension of Hamiltonian formalism. Also a geometric approach to the ideas of ll28l can be 
found in Hi 91 , where it is presented a Poisson geometry in this context. 

The usual regularity concepts will be understood in the graded sense. That is, a subalgebra of a Poisson color 
algebra V of arbitrary degree is a graded linear subspace Q satisfying {Q, Q} + QQ C Q. An ideal I of V is 
a subalgebra satisfying { X , V} + {V , X} + XV + VX C X. Finally, V is called simple if {V, V} ^ 0, VV ^ 0 
and its only ideals are {0} and V. 

We are interested in the present paper in studying the structure of Poisson color algebras V of arbitrary 
degree. The paper is organized as follows. In §2 we develop techniques of connections in the restricted support 
of V so as to show that V is of the form V = U + ^ Xj with U a linear subspace of Vo + V 9o + V- go and any Xj 

i 

a well described (graded) ideal of V, satisfying {Xj, X ^} + X 9 X\- = 0 if j ^ k. In §3, and under mild conditions, 
the simplicity of V is characterized and it is shown that any Poisson color algebra V of arbitrary degree is the 
direct sum of the family of its minimal (graded) ideals, each one being a simple Poisson color algebra of the 
same degree. 

Finally we note that, throughout this paper, Poisson color algebras of degree go 6 G are considered of 
arbitrary dimension and over an arbitrary base field K. 

2. Connections and gradings 


In the following, 

geG 

denotes a Poisson color algebra of degree go- We will write by 


E = {geG:iP g ^0}\{0,±.go} 


the restricted support of V and by 


-E = {-g:geE}cG\{0,± 5o }. 


Definition 5. Let g and h be two elements in E. We shall say that g is connected to h if there exist 
9i,92,—,9n £ ±EU{ 0 , ± 50 } and k 2 , k 3 ,..., k n £ { 0 ,±g 0 } 

such that: 

1 - 9 i = 9 , 

2 . 9 i + 32 + k 2 £ ±S, 

9 i + 9 i + k 2 + 53 + k 3 £ ±E, 

9 i + 9 i + k 2 + 53 + ko + <74 + £ ±E, 


9i + 92 + k 2 + 53 + &3 + • • • + g n -i + k n -± £ ±E, 

4. gi + g 2 + k 2 + g 3 + ko H- \- g n + k n = eh for some e £ ±1. 

We shall also say that 

{gi ® 0 ,g 2 <g> k 2 ,g 3 (g) k 3 , -,g n <£) k n j 

is a connection from g to h. 

Proposition 1. The relation ~ in E, defined by g ~ h if and only if g is connected to h is an equivalence 
relation. 
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Proof. The set {g <g) 0 } is a connection from g to itself and therefore g ~ g. 

If g ~ h and {g i <8> 0 , <72 O fe, <73 <8> /c 3 , ■ <7n <8 is a connection from g to h, then it is straightforward to 

verify that 

{h ® 0, -eg n <8> -ek„, -eg n - 1 ® - eg 3 <S> -efc 3 , -eg 2 ® -efo} 

is a connection from h to g in case 

< 7 i + <?2 + k 2 + <?3 + ^3 + ''' + 9n—i + k n ~ 1 + g n + k n = eh. 

Therefore h ~ g. 

Finally, suppose g ~ ft and h ~ Z, and write 
(1) {51 <8» 0,^2 ® &2, ® fcn} 

for a connection from g to h and {hi <g> 0, h 2 <8> k' 2 ,h m <g> for a connection from h to l. 

If to = 1, then l £ {±/i} and so the own connection 0} gives us g ~ l. 

If to > 1, then it is easy to check that 

{51 <g> 0,^2 <8> k 2 , —,9n ® k n ,eh 2 <g> ek’ 2l eh 3 <g> efc 3 , ...,eh m <g) e*4} 

is a connection from <7 to l in case <71 + <72 + k 2 + <73 + fc 3 + • • • + g n + k n = eh. Therefore g is connected to l 
and ~ is an equivalence relation. □ 

By Proposition [I] the connection relation is an equivalence relation in £ and so we can consider the quotient 
set 

E / ~= {[ff] : 5 S E}, 

becoming \g\ the set of elements in the restricted support of the grading which are connected to g. 

Remark 1 . Observe that for any g £ E, if eg + ggo £ E for some e £ ±1 and some g £ { 0 } U {± 1 } U {± 2 } 
then 

tg + pgo e [g]- 

Indeed, we just have to consider either the connection {<7<S>0, 0®eggo} when g £ { 0 }U{± 1 }, or {<7<g>0, < 7 o®< 7 o} 
when g = 2e, or {g <8> 0, — go <8> —<7o} when g = —2e. 


Our final goal in this section is to associate an adequate subalgebra X[ s ] to any \g\ £ £/ 

Fix 3 £ E, we start by defining the following linear subspaces. For any 

a £ {0,g o ,-5o} 

let us write 

:= 

{'Phi'Pp} + VkVqCVa- 

{^e[£/]>PGS: p=-h-g 0 +a} {fce[g],qGEU{-go}: q=-k+a} 

Observe that whence h £ [g] and —h — go + a £ E, (resp. k £ [g] and —k + a £ E), then the connection 
{h <g> 0, go <8> — a }, (resp, {k <g> 0, —a <g) 0}), together with the transitivity of the connection relation, give us 
—h — (70 + ol £ [5], (resp. —k + a £ [77]). Also observe that the possibility q = —go just holds when a = go 
and k = 2go £ E. Next we define 

Hrf : = 0 

he[g] 

Finally, we denote by 2 j g ] the direct sum 

X \g) : = ( V <x,[g]) ©V[ s] . 

a6{0,go,-9o} 


Lemma 1 . For any g £ E and h, k £ \g\ we have {Vh, 'Pk } + VhPk C J [ 9 l- 
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Proof. If { 'Phi'Pk } / 0 we have two possibilities. In the first one h + k + go £ {0, go, —go} and then 
{Ph, V k } C P h + k + go ,[g], or h + k + g 0 £ {0, g 0 , -g 0 } being then {h <g> 0, k <g> g 0 } a connection from h to 
h + k + g 0 , that is, h + k + g 0 £ [ 3 ] and so {Ph, Vk} C 2j fl ]. 

If VhVk 7 ^ 0, we also have two cases to distinguish. In the first one h + k € { 0 , 3 o, -~ 3 o} and so VhVk C 
Vh+k,[gb while in the second one h + k ^ { 0 , go, —go} and then the connection {h ® 0 , k < 8 > 0 } gives us h is 
connected to h + k being h + k € \g\. Consequently VhVk C X[ 9 ]. □ 

Definition 6 . For any a £ {Cnf/o : n £ 0,1, 2, 3} it is said that V a is tight if 

V a = 

E E w- 

{/i,pGS\{±npo:^G2,3}:p=— h— po+Q:} {fc,q'GS\{±n^o :nE2,3}:q= —A;+a} 

Lemma 2. IfV 9o is tight then the following assertions hold. 

L If —2go £ E r/ien { 7 L- 2 g 0 , R} C P 0 ,[- 2 flo ] andV- 2go V go C P-g 0 ,[- 2 g 0 ] : . 

2. If—3go £ E then {TRo, RJ C P- So ,[- 3 So ]■ 

3. If—2go,g £ E with {'P_ 2 g 0 ,'Po,[g]} ^ 0 out/ G is free of 2-torsion, then [g\ = [— 2go] and 

Vo t[g] } C *V 9 q } [ 2 g 0 ] * 

Proof. 1. Let us begin by showing {'P_ 2 So , V go } C Vo.[- 2 go ]- By Jacobi identity, Leibniz identity and anticom¬ 
mutativity 

(P-2g 0 , Pgo} ( ~ 

'y ' {P-2g 0 , {Ph,P-h}} y ] {V-2g 0 ,VkV-k+g 0 } 

hEE\{±ru/o:nE2,3} k,— k-\-go£T l \{±ngo:n(E:2,3} 

C E ({'Ph-g 0 ,V-h} + {V-h-g 0 ,Vh}) + 

h£H\{±ngo:n£2,3} 

(2) E ('Pk-go'P-k+go V'PkiV -2 go) P-k+go }) • 

k,—k-\-go£'E\{^zngo:nE2,3} 

Since for any p £ E such that ep + vgo ^ {0, go, — go}- where e, v £ {±1}, we have ep + vgo £ E in case 
V ep + vgo / 0, and the connection {—2g 0 < 8 > 0, ep ® go} gives us that in case V tp - go 7 ^ 0 then ep — go £ [— 2go] 
for any e £ {± 1 }, we get that any 

(3) {Vh-g 0 ,V-h} + {V-h-g 0 ,Vh} +Vk-g 0 V-k+g 0 CP 0 ,[- 2 9o ]- 

Finally, observe that if {V- 2go , V- k +g 0 } 7^ 0 then {—2go <8 0, (—k + go) ® 30 } is a connection from — 2go to 
k and so 

(4) Vk{V-2g 0 ,V-k+g 0 } C VkV-k C 'P 0 ,[_ 2 g 0 ]- 

From Equations (O, ({3} and Q we complete the assertion. 

Let us now prove that V- 2go V go C V- go ^ 2 g 0 ]- By Leibniz identity and associativity we get 

V- 2 g 0 Vg 0 C 

E V -Vio 'P—h} “I” ^ ^ 'P—2go(J^kP—k+go) E 

/iGS\{±np , o:nG2,3} k,—k-\-go£T l \{±ngo:n(E:2,3} 

E (RR -h—2g 0 } J rVh—g 0 V—h) J r y ] Pk-2g 0 P-k+g 0 - 

h£T,\{±ngo:n£2,3} k, — k-\-go£T,\{±ngo:nE2,3} 

Now observe that for any p £ E such that ep — 2go £ E, where e £ {±1}, the connection {ep—2goC>0, — ep(g>0} 
gives us ep - 2g 0 £ [~2g 0 }. From here, in case -p + g 0 £ E, we get {V p , V- p - 2go } + P P - 2 go V- p+go C 
7 ? _ g0i [_2g 0 ]- Finally, in case p — go £ Ewe have seen above that p — g 0 £ [— 230 ] and then V p - go V- p C 
V— go . [— 2 go] which completes this case. 

2. Analogous to the first part of item 1. 

3. We have 

y ] {Ph, P-h-g 0 } + y ' PkP—k} C 

{he[g]:-h-g 0 e'S} fcG[g] 


0 7^ {P-2g 0 ,Po,[g]} C {V- 2 g 0 , 
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'y ] {{Ph-g 0 ,P-h-g 0 } F {P-h-2g 0 ,Ph}) F ^ } ('Pk—gp'P—k + PkP—k—go)- 

{fte[g]:-/i-go£S} fee[g] 

If {Vh- go , V-h- go } 7 ^ 0 for some h £ [g] with — h — go £ E, then the connection {/i (g) 0, <7o < 8 > 0, —<g) f?o} 
gives us [h] = [-2 g 0 ] and so \g\ = [-2g 0 ]. Since -h- g 0 £ [h ] = [-2 g 0 ] we also have {V h - go , V- h - go } C 
V- go ^ 2 go\ when h — go {0,go, —go}, that is, when h ^ 2go. In case h = 2go we are dealing with the 
product 0 ^ {'Pgo, P-3g 0 }, but the facts G is free of 2-torsion and 2go £ E show —3go G £ and so by item 2 
we get 0 ± {V go , V- 3go }cP _ go ,[- 3 go ] = ’P’-g 0 ,[-2go]’ where last equality is consequence of RemarkQ] 

If VkP-k-g 0 7 ^ 0 for some k £ [g] we have as in the previous case that if —k — go G E then [g] = [fc] = 
[- 250 ], and consequently VkV-k-g 0 C 7^_ So ,[_ 2 g 0 ]- If -k - g Q £ {0, g 0 , -go}, then k = -2 go and so \g\ = 
[k] = [— 2go] and we are dealing with the product 0 7 ^ V -2 g 0 Pg 0 • But by Item 1,0^ V- 2 go V go C 'P- go A- 2 g 0 \ . 

If {V-h- 2 g 0 , 'Ph} 7 ^ 0 then in case —h — 2go £ E we get [g] = [h] = \—h — 2go] by Remark|T| We 
observe that —h — 2go £ E. Indeed, in the opposite case —h — 2go £ {0, go, —go} and so h = —2go, but then 
—h — 2go = 0 being —h — 2go £ E, a contradiction. From here, the connection {—h — 2go ® 0, h ® 0} shows 

[ 5 ] = [k] = [-2g 0 ] and consequently 0 ^ {V- h - 2go ,V h } C F , _ g0i[ _ 2ff0 ]. 

Finally, if Vk- go V-k 7 ^ 0, we have that in case k — go £ E then [k — go] = [k] = [g] by Remark [T] 
and that the connection {k — go < 8 > 0, —k <g> —go} shows [k — go] = [—2go]. Consequently [g] = [2go] and 
0 7 ^ Vk-goV-k C F > _ So ,[_ 2 g 0 ]- If k - go £ E then k = 2g 0 and we are dealing with the product 0 V go V- 2 go 
which is contained in V- g0t [- 2 go \ by Item 1. □ 

Lemma 3. Suppose G is free of 2-torsion, then for any a, /3 £ {0, go, —go} the following assertions hold. 

1. For each h £ E satisfying —h — go + a £ E we have 

1.1. if a F f3 F go £ {0, go, —go} then h F j3 F go £ E in case Vh+p+go 7 ^ 0, anc 1 ~k + ol + [3 £ E in 
case V-h+a+p 7 ^ 0 . 

1.2. if a F /3 £ {0, g 0 , -g 0 } and V h +p+ go 7 ^ 0 then /i + /3 + g 0 GEU {-go}- 

1.3. ifa.Fl 3 G {0, g 0 ,-go} and (a, (3, h) {(go, -go, -2g 0 ), (0, -g 0 , -3g 0 )} then -h-go+a+/3 £ 
E in case V- h - go + a +p 7 ^ 0. 

2. For each k £ E satisfying —k F a £ E U {—go} we have 

2.1. if a F /3 F go £ {0 ,g 0 , -go} and V k +p+g 0 7 ^ 0, then k + (3 + g 0 £ EU {-go}- 

2.2. if a + f3 + go £ {0,go, —go} and V-k+a 7 ^ 0, then —k F a £ E. 

2.3. if a F /3 £ {0, go, —go} and V-k+a+p / 0, then — k F a F /3 £T,U {—g 0 }. 

Proof. 1.1. Suppose Vh+p+go 7 ^ 0 and k F /3 + g 0 ^ E being then h F (3 + g 0 G {0, g 0 , -go}- 
If h F [3 F go = 0, as /3 G {0, go, —go} and h G E, then necessarily f3 = go and h = — 2go with 

(5) 2g 0 ^ {0,go, —go}- 

Since —h — go + a £ E then go + a £ E and, taking into account a £ {0, go, —go}, we get a = go - But we also 
know a + /3 + go £ {0,go, —go} and so 3go G {0,go, —go}- This implies either 2g 0 £ {—go, 0} or 4g 0 = 0. 
In the first case we have a contradiction with Equation {5} while in the second one 0 f 2go is an element of G 
with 2-torsion which is also a contradiction. A similar argument gives us that the case h F f} + go G ±go does 
not hold and so h + /3 + go £ E. We can also show as above that —h F a + (3 £ E in case V-h+a+p 7 ^ 0. 

The remaining items can be proved by arguing as in Item 1.1. □ 

Lemma 4. Suppose G is free of 2-torsion, then for any g £ E and a, f3 £ {0, go, —go} we have 

T {'P a ,[g],'Pp,[g]} C% 

2. If furthermore V go is tight then T > a ,[g]'Pp,[ g ] C I[ g y 
Proof. 1. Suppose there exists h £ [g] with —h — go + a £ E such that 

(6) 0 {{f’h,'P-h-g 0 +a},'Pp,[g]} C V a +p+ go , 

or there is k £ [g] with — k + a £ E U {—go} satisfying 

(7) 0 {VkV-k+^Vp^g}} C V a +p+go- 

Let us study Equation (]6ji, by applying Jacobi identity and anticommutativity we get 

0 7^ {{T~ > h,'P-h—g 0 +a},'Pp} C 
{'Ph+P+go , P-h—go+a } + {Ph,V-h+a+p}- 


(8) 
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We are going to distinguish two possibilities, in the first one 

a + /3 + g 0 £ ( 0 , go, —ffo}- 

From Equation ®, either {P h+ p +go , P-h- go +a} 7 ^ 0 or {Ph, P-h+a+p} 7 ^ 0- In the first case, Lemma[3}T.l 
gives us h + /3 + go £ S. Hence, taking into account that Pp,\ g ] C Pp, that the connection {/?.<S>0, /3<g>go} shows 
h + /? + g Q £ [h\ = [ 3 ], and that -h- g 0 +a £ [g] we obtain 0 / {P h +p+ go ,P-h-g 0 +<x} C P a +p + g0t[g ]. In 
a similar way we have that in case {P hl P- h+a .^p} ± 0 then 0 f {P h , P- h+a+ p} C P a +p+ ga ,[ g ] and so we 
can assert 

19) {{Ph,P-h-g 0 +a},Pp,[g\} c P a+ p+g 0t [g]. 

In the second possibility 

« + /3 + ffo £ {0, 30 ,- 30 }- 

We also have from Equation (O that either {Ph+p+ go ,P-h- go +a } ^ 0 or {P h ,P_ h+ a +p} ^ 0. In the first 
case, since — h — go + a £ E, the connection 

{h (g> 0 , g 0 <g> -a, (- h - /? - 30 ) ® - 50 } 

gives us a + /? + 30 £ [ft] = [ 3 ] while in the second one the connection 

{h ® 0, {-h + a + f3) ® 30 } 

gives us also a + /3 + g 0 £ [h] = [ 3 ]. We have shown {{Ph, P-h- go +a}, 'Pp,[ g ]} C Vy r in this case and taking 
also into account Equation (0 that 

{{Ph,P-h-go+a},Pp,[g]} Cl[j]. 

From Leibniz identity and anticommutativity we can study Equation <|7} in a similar way to the above study 
of Equation ©, taking now into account Lemma[3}2. 1. and 2.2. to get 

{PkP—k+a, PP,[g]} C I[ g \. 

and so we conclude 

{^a,[sb ^3>[fl]} < -^'[s]' 

2. Suppose there exists h £ [ 3 ] satisfying —h — go + a £ E and such that 

0 / {Ph,P-h-g 0 +a}Pp,[g\ C Pa+P, 
or there is k £ [ 3 ] with —k + a€EU {— 30 } such that 

0 f (PkP-k+a)Pp,[g] C P a +P- 

An analogous argument to item 1, taking now into account Lemma [3} 1 .2., 1.3. and 2.3., and also in the first 
possibility that the fact P go tight together with Remark Q] imply that in case —230 £ [ 3 ] then {P_ 2go , P go } £ 
P 0 , [ g ] and that in case -3 g 0 £ [g] then {P_ 3go ,P go } £ P- go ,[ g ], gives us 

{Ph) P-h-g 0 +a}Pp,[g] + (PkP-k+a)Pp ,{g] C P[g\ 

and so 

P a ,{g]Pp,{g] Cl[j]. 

□ 

Lemma 5. Suppose P go is tight and G is free of 2-torsion, then for any 3 £ E, a £ {0, go, —go} and k £ [ 3 ] 
we have 

{Pa,[g])Pk} +P a ,[ g ]Pk Cl [9| . 

Proof Suppose {P a ,[ g \)Pk} 7 ^ 0. We have two cases to distinguish. In the first one a + k + go ^ {0, go, — 30 } 
and so a + k + 30 £ E. Then we have that the connection {k ® 0, a £g> 30 } gives us a + k + 30 £ [fc] = [ 3 ] and 
so 

{P a ,[g\,Pkj C V [s] . 

In the second case a + k + go £ {0, go, —go}- Taking also into account a £ {0, 30 , — 30 } and k {0, go, —go} 
we have that 

{a, k ) £ {{g 0 , ~2g 0 ), ( 0 , - 230 ), (g 0 , - 33 o)}. 

Consider the possibility {a, k) = {go, —2go), that is, 

0 7 ^ {*Pgo,[g], 'P—Zgo } A) 
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being —2 g 0 = k G E. From here, [— 2g 0 ] = [g] and by Lemma[2|T we get 

o 7^ {^ ? So,[g]>'^ , -23o} {^90 > ^- 290 } 7 5 0,[-2go] = ^OJgo]- 

In a similar way we can show 0 ^ {V a ^,V k } C P a+So+fci [g] when (a, k) G {(0, -2g 0 ), (g 0 , -3g 0 )} and 
we conclude 

{Pa,[g],^fc} C I [g] . 

Suppose now V a ,[ g ]V k ^ 0. If a + k ^ {0, go, —go} then the connection {k Cg> 0, a ® 0} gives us 

0 / Va^gjVk C Xfc+a C V[g]. 

If Ct + k G { 0 , So, -So} then (a, fc) G {(go, -2g 0 ), (-go, 2g 0 )}. If (a, fc) = (go, -2g 0 ) then 0 ^ 
'PgoAg\P-' 2 9 o c ^’go’^’-2go C P_ ff0i [ s ], last inclusion being consequence of Lemma ID- 1 and [—2 g 0 ] = [s]- 
Finally, if ( a, k) = (-go, 2 g 0 ) then 0 ^ V- go , [g] V 2go C V- go V 29o = V 2go V- go C V- go , [2go] = V- go , [g] .We 
have shown 

' P <x,[g]Pk C I{g]- 

□ 

Proposition 2. Suppose V go is tight and G is free of 2-torsion, then for any g G E the graded linear subspace 
Xj g j is a subalgebra ofV. 

Proof Since I[ g ] = ( Y ^,[ 9 ]) © V[ 9 ] we can write 
“6{0,go,-go} 

{ X [g] ’ X [g]} c 

{^a,[g],^/3,[g]}+ {^.[g] , V[g] } + {V[g], V[ 9 ] }. 

“,/3£{0,go,—go} “e{0,go,-go} 

From here. Lemmas [UHand [5] allow us to get {Xr 9 i, X[ 9 ]} C X[ 9 ]. 

In a similar way we have X[ 9 ]X[ 9 ] C Xr g i and consequently Xr g i is a subalgebra of V. □ 

We call X[ g ] the subalgebra ofV associated to [g], 

3. Decompositions as sum of ideals 

We begin this section by showing that for any g G E, the subalgebra Xr g i is actually an ideal of V. From now 
on the group G will be suppose free of 2-torsion. 

Proposition3. If \g\ ^ [h] for some g,h&T. then {Xm,!^} -t-X^iX^ = 0. 

Proof We have to study the products 

( T [gP X [h]} = 

{( ^a,[g])®^[g])( V oc,[h\) © V[h]} 

“£{0,go,-go} “£{0,go,-go} 

and 


X \g\ I \tA = 

(( y^, ^ajg]) © Mg])(( yy 

“6{0,go,-go} “£{0,g o ,—go} 

We begin by considering the summand {V[ 9 i , Vr/q} of the first product. Suppose there exist k G [ 5 ] and l G [h] 
such that 0 {P k , Vi} C V k +i+ go ■ We have to distinguish two cases. In the first one k +1 + go ^ (0, go, —go} 
and so k + l + go G E. Then the connection {k ® 0, l <g> go, —k <g> —go} gives us [g\ = [k] = [/] = [, h ], a 
contradiction. Hence {V[ g j, Vf/q} = 0 in this case. In the second possibility, k + l + go G {0,go, —go}- From 
here l G {— k, —go — k, —2go — k} and by RemarkQjwe get [k] = [/], a contradiction, then 

(10) {V[g].V [fc] } = 0 

in any case. 

Consider now the summand V[ g ] Vr^i in the second product and suppose there exist k G [g\ and l G [h] such 
that 0 VkVi C V k +i■ In case k +1 ^ {0, go, —go}- the connection {k ® 0, l <E) 0, —k ® 0} gives us [k] = [ l ], a 
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contradiction, while in case k + l £ {0, g 0 , —go} necessarily l £ {—k, go — k, —go — k} being then, see Remark 
IU \k] = [/], a contradiction. We have shown 

(11) v [fl] v [h] = o. 

In order to study the product { Pa,[g]i V[h ]}, consider any 

«e{0,go,-go} 

{{V k ,V-k-g 0+a },Vl} 

with k £ [g] satisfying —k — go + ot £ E and l £ [ft,]. We have by Jacobi identity and anticommutativity that 

{{P k ,P- k - go+a },Pl} C {{P fc ,Pl},P- fc -g 0+a } + {{P —k—go+cn 7^1 },v k }. 

Since by Equation (ITOt and Remark |T] we get {P k ,Pi} = {P-k- go + a ,Pi} = 0 we obtain 

{{V k , V-k-g 0 + a }, 'Pi} = 0. If we now take any {P k P_ k+a , Vi} with k £ \g\ such that -k + a £ E U {-go} 
and l £ [h] then we get by Leibniz identity and commutativity that {P k P- k +a,Pi} C {P{Pk}P- k +a + 
Pk{Pi.,P-k+a}, but by Equation ( ITOb we have {ViV k } = {Pi, P-k+a} = 0 in case —k + a £ E. If 
—k + a = -g 0 then V k {Vu P-k+a} C VkVi = 0 by Equation (Qj3 being so {P k P_ k+a ,Pi} = 0 in any 
case. We have proved 

(12) { E 'P a , [ g],V [h \} + {V [g] , E P«,[/.]} = 0- 

c«e{0,go,-go} «e{0,go,-go} 

In a similar way as above, taking now into account Leibniz identity, commutativity and associativity we get 

(13) ( E ^,[g])V[ /l ]+V [9] ( E 'Pa,lH]) = 0. 

ae{0,g 0 ,-go} aG{0,g o ,-go} 

Finally, let us consider the case {Pa,[ g ]iPp,[h\}- By arguing as in the previous case, taking 

a,/3e{0,g o ,—go} 

now into account Equation (IT 2 l > and the fact (easy to prove) {Ppno. P- go } C Pp,[hb we 8 et 

(14) { E E Pa,[ h ]} = 0. 

ae{0,g 0 ,-go} aG{0,g o ,-go} 

In a similar way, by considering now Equations (IT 2 ] > and ( | 1 3k we get 

(15) ( E E = 

ae{0,go,-go} aG{0,g o ,-go} 

From Equations ( ITOt . ( IT 2 l > and ( IT4l > we get that {Zj g j, Z^]} = 0 while from Equations ( 1111 . (fill and (fl5] > that 
I[ g ]I[h\ = 0 which complete the proof. □ 

Theorem 1. Suppose any P a , a £ {0, go, —go}, is tight then the following assertions hold. 

1. For any g £ E, the subalgebra I[ g ] ofV associated to [g] is an ideal ofV. 

2 . IfP is simple, then there exists a connection between any two elements ofT,. 


Proof. 1. Since we can write 
we have 


© V h = 
he £ 


© V [h ] and V a = 


E 


P a ,[h\ for any a £ { 0 , g 0 , -g 0 }. 


(16) V — Po + Vg 0 + V-g 0 

From here, by Propositions[2]and[3]we have 


(0^) 

heY 


E %]■ 


{-^[g], P} + {P t^[g]} +^[g]^ > + P-E[g] C {^[g]>^[g]} + E ^[g], Z[h ]} + ^[g]^[g\ + 2-[g]^[/i] C I[ g \ 

[si [t»]#[g] 

as desired. 

(ii) The simplicity of P applies to get that F\,y = P for any g £ E. Hence [g] = E and so any couple of 
elements in E are connected. □ 


As consequence of Equation (fl 6 ] >. TheoremQjand Proposition 0 we can state the following result. 
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Theorem 2. Suppose any T a , a £ {0, go, —go}, is tight. It follows 

V = 53 ^[9]’ 

[s]eW~ 

being any X[ ff ] one of the ideals given in Theorem [7] Moreover, }I[ g ], T[h ]} + V[g]l[h] = 0 whenever [ 5 ] f [ft]. 

As usual, the center of V is defined as the set {v £ T : {v, T} + {P, w} + vV + Vv = 0}. 

Corollary 1. If T is centerless and any T a , ol £ { 0 , <70, —go}, A tight then T is the direct sums of the ideals 
given in Theorem [7] 

^=0 \Y 

[sles/~ 


Proof We have to show the direct character of the sum. Given x £ I\g\ IT Igo , by using the fact 

{h] 6 E/ - 

h 00 g 

{X[ s j, I\j j]} + = 0 for [g] / [ft] we obtain {x,T} + {T,x} + xV + Vx = 0. That is, x belongs to the 

center of V and so x = 0 as desired. □ 


4. The simple components 

In this section we study if any of the components in the decomposition given in Corollary|T]is simple. Under 
mild conditions we give an affirmative answer and furthermore a second Wedderburn-type theorem is stated. 
Finally, we recall that in this section the group G is supposed to be free of 2-torsion. 

Lemma 6 . Let V be centerless and with Tp tight for /3 £ {0, ±go, ±2po, —3go}- If I A on ideal ofV such that 

I C Vo + Tg 0 + 'P-go ti ien I = {0}- 

Proof Suppose there exists a nonzero ideal I of V contained in Vo + V go + V- go . Since can write 

i = {i nVo) + (i n v go ) + (/ n V- go ), 

some I n V a 7 ^ 0 for a £ {0, go, —Po}- Taking into account V is centerless, there exists ft £ EU {0, go, —go} 
such that either {I n V a , Vh} 0 or (I fl V a )Vh ^ 0 . In the first case, 0 ^ {/D V a ,Vh} C V a +h+ go H ( Vo + 
Vgo + V~ go ) and so necessarily 

(17) ft £ {0,po,-po,-2p 0 ,-3po}, 

but by tightness of the homogeneous spaces associated to these elements we have 

0 ^ [Inv a ,V h } c {Inv a , 53 {Vp, V- p -g Q +h}~\- 

P,~ P~ So+^eS\{±rago:ng2,3} 

{inr a , 53 r k r — k-\-h} • 

k,— /c+/i£S\{±npo :nG2,3} 

From here Jacobi identity and Leibniz identity give us that there exists some r ^ {0, go, —go, — 2go, —3go} 
satisfying {I n V a , V r } 0 which contradicts Equation ( ITTb . 

In the second case 0 {I Cl V a )Vh C V a +h H {To + T go + V- go ). This fact only occurs for 

h £ {0, go,-go, 2p 0 ,-2go}- 

A similar above argument with the tightness of the homogeneous spaces associated to these elements, Leibniz 
identity and associativity gives us a contradiction. Hence we conclude 7 = 0. □ 

Let us introduce the concepts of maximal length and E-multiplicativity in the setup of Poisson color algebras 
of degree go in a similar way than in the frameworks of graded Lie algebras, graded Lie superalgebras, graded 
Leibniz algebras, split Poisson algebras, split color Lie algebras etc. (see E H ® 2 17i| for discussion and 
examples on these concepts). 

Definition 7. We say that a Poisson color algebra V of degree go is of maximal length if To 0 and dim T g = 1 
for any g £ E. 

Definition 8. We say that a Poisson color algebra T of degree (jo is E- multiplicative if given g £ E and 
ft £ E U {0, ±g 0 } suc h th a t g + ft + k £ E for some k £ {0, go, —go} then T g Th f 1 0 if k = 0, {T g , Th} / 0 
if k = g Q or {T g T h )T- go ^ 0 if k = -g 0 . 
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We recall that E is called symmetric if g £ E implies g £ E. From now on we will suppose E is symmetric. 

We would like to note that the above concepts appear in a natural way in the study of any Poisson system. 
For instance, any graded Poisson structure associate to the Cartan grading of a semisimple finite dimensional 
Lie algebra gives rise to a E-multiplicative graded Poisson algebra with symmetric support and of maximal 
length. We also have, in the infinite-dimensional setting, that any graded Poisson structure V defined either 
on the split grading of a semisimple separable L* -algebra, [24j |25ll , or on a semisimple locally finite split Lie 
algebra, j26|], necessarily makes V a graded Poisson algebra with symmetric support, E-multiplicative and of 
maximal length. The Poisson algebras considered in |7] §3] are also examples of graded Poisson algebras with 
symmetric support of maximal length and E-multiplicative. 

Lemma 7. Let V be centerless, 'E-multiplicative, of maximal length and with Vp tight for /3 £ 

{0, ±5o? ±2po, —3(7 o}- If tiny couple of elements in E are connected, then any nonzero ideal IofV satisfies 
I = V. 


Proof Consider I a nonzero ideal of V and write I = (/ fl Vo) + (I Cl V Qo ) + (/ FI V- go 
where E/ := {g £ E : I fl V g 0}. By the maximal length of V we can write 


)©( © (inv g )) 

g££i 


i = (inv 0 ) + (inv ga ) + (/n V- go ) © (0 v g ), 

seS/ 

being E/ f 0 as consequence of Lemma[6] From here, we can take g £ Ej being so 
(18) 0 f V g C I. 

For any h £ E, h f ±g, the fact that g and h are connected allows us to fix a connection 

{ffi 0 0,c/2 © k 2 , ;9n 0 K} 


from g to h. Consider g\ = g, g 2 and 51+52 + ^2- By E-multiplicativity and maximal length of V we obtain 
either 0 f 'P gi V g2 = ^ 91+92 if ^2 = 0 or 0 f z {Vg 1 ,V g2 } = 7' > gi+92+9o k 2 = go °r 0 f (J~ > g \V g2 )V~ go ~ 
V gi +g 2 - go if k 2 = —go- From here. Equation (fl8l> gives us that in any case 

0 7^ 'Pg 1 +g 2 +k 2 © I- 

We can argue in a similar way from 51+52 + ^ 2 , 53 and 51 + 52 + k 2 + 53 + ^’3 to get 

0 f ^91+92+^2+93 + ^3 I" 

Following this process with the connection {51 0 0, 52 0 k 2l ...., g n 0 k n } we obtain that 

0 7^ ^91+92 + ^2+93 + ^33-f gn+k n c I 

and so either Vh C I or V-h C I. That is, 0 f V th h C / for any h G E and some £ {±1}. 

Now, observe that we have showed that in case h ^ E/ for some h £ E, then —h £ E 7 . From here, if 
—h + go £ E, (resp. —h — go £ E, —h — 2 go £ E), then by considering the set —h,go, 0, (resp. —h, —go, 0; 
—h, —go, —go)- the E-multiplicativity and maximal length of V give us now V-h+go © ( res P- 'P-h- go C I, 
V-h-2 go C I). Flence, the fact V a is tight for any a £ {0, go, — 50 } allows us to assert Vo + V go + V- go C I. 

Finally, the E-multiplicativity and maximal length of V together with the fact Vo C I allow us to assert that 
Vh = V h Vo C I for any h £ E. Since 

V = Vo + Vg 0 + V- go © (0 Vh) C I 

hen 

the proof is completed. □ 


As consequence of Theorem[T}2 and LemmaQwe can assert the next result. 


Theorem 3. Let V be centerless, E-multiplicative, of maximal length and with Vp tight for /3 £ 
{0, ±5 oj ©2po) — 3po}- Then V is simple if and only if it has any couple of elements in E connected. 

Theorem 4. Let V be centerless, E-multiplicative, of maximal length and with Vp tight for fi £ 
{0, ±5 oj ©2po) ~3po}- Then V is the direct sum of the family of its minimal ideals, each one being a sim¬ 
ple Poisson color algebra of degree go having all of the elements in its restricted support connected. 
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Proof. By Corollary Q] we have that V = 0 Zr g i is the direct sum of the ideals Zr g i. We wish to apply 

[g]e£/~ 

Theorem [3] to any Z[ g ], so we have to verify that Z[ g ] is a centerless E-multiplicative Poisson color algebra of 
degree g 0 with maximal length, with ( 2 T [ g ])/3 tight for /3 G {0, ±g 0 , ±2g 0 , — 3ffo} and with all of the elements in 
its restricted support connected. 

Since (Z[ g ])p = 'Pp,[g] in case/3 G {0, ± 50 } and Vp is tight, we clearly have (I[ g ])p is tight for /3 g{0,± 5 o}. 
In case /3 G {±2g 0 , — 3ffo} \ {0, ±ffo} with /3 G E, then /3 G [k] for a unique [fc] G E/ ~ and so (Z [ ff ])/3 = 0 
if [g] / [fc] and (X[ fc] ) (S = ({V h , V- h - go +p} + V h V- h+ p). From here, taking into account 

h£[k]\{±ngo:n£2,3} 

RemarkQ] (Z[ g i) p is tight in any case. 

We also have Z[ g ] is E-multiplicative as consequence of the E-multiplicativity of V and clearly Zr g i is of 
maximal length. Also observe that Z[ g ] is centerless as consequence of the fact {Z[ g ],Z[/,j} + Z[ g ]Z[/,] = 0 if 
[ 1 g\ ^ [h], (Theorem|2]l, and that V is centerless. Finally, since the restricted support of Z[ g ] is \g\, it is easy to 
verify that [ 5 ] has all of its elements [gj-connected, (connected through elements contained in [g] U {0, ±<?o}). 
From the above, we can apply Theorem [3] to any Zr g i so as to conclude Zr g i is simple. It is clear that the 
decomposition V = 0 Z[ g ] satisfies the assertions of the theorem. □ 
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